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Effect of Thermal Radiation on Transient Combustion
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The effect of radiation heat transfer on transient combustion of a fuel droplet with a finite rate of chemical
reaction and variable properties has been studied under the assumption of spherical symmetry. Evaporation
curves, transient variation of flame location, temperature profiles, and the ratio of the flame to droplet radius
were compared to previously published results without the radiation effect. It was found that the radiation
reduces by at least 25% the maximum flame temperature. Furthermore, the present results were compared to
the experimental data of several researchers. As a consequence, it was shown that the reason for the previous
discrepancy between the theory and experiment was attributed to the radiation.

Nomenclature
A,j = coefficient defined by Eq. (45)
a = thermal diffusivity
a+ = ala^
C,, Cjj = Sutherland constant
Cr — specific heat at constant pressure
DJ = diffusion coefficient of species /
Dtj = mutual diffusion coefficient
D, = Damkohler number, Kpev(lv{Ry(aem)
E = activation energy
Eh = blackbody emitted flux
En = exponential integral function defined by Eq.

(36)
G = incident radiation
gi, g2 = functions defined by Eqs. (29) and (30)
H(] - standard heat of formation per mole of species /
7,,A = spectral blackbody radiation intensity
7A = spectral radiation intensity
/,, J2 = functions defined by Eqs. (32) and (33)
K = function defined by Eq. (31)
k = thermal conductivity
k< = klk^_
L = latent heat of vaporization
Lei — Lewis number of species /, D,/a
m, = molecular weight of species /
/iA = refractive index
P(l — atmospheric pressure
P(. = critical pressure
p — pressure
qR = radiative heat flux
R(] = universal gas constant
/?() = initial droplet radius
/?'! = gas constant of fuel vapor
R(t) = droplet radius
r = radial coordinate

rf — flame-front radius
S = distance
s, s' = vector of direction
T = temperature
Th = boiling point
T(. = critical temperature
Te = ambient temperature
Tm = maximum flame temperature
T, = reduced temperature
t = time
tR = lifetime
t+ = Fourier number defined by equation (17)
i; = gas velocity in the radius direction
vw — ejection velocity
X = transformed coordinate, Eq. (18)
Y/ = concentration of species /
yt = molar fraction
j8 = extinction coefficient
A/i( = heat of combustion of fuel per mole
8 = Stefan-Boltzmann constant
T? = transformed coordinate, Eq. (19)
0 = temperature inside the droplet
K = absorption coefficient or frequency factor
KP = Planck mean-absorption coefficient
fji = viscosity
v{^ vl

2 — stoichiometric coefficients of the reactant / and
the product /, respectively

f = integration variabler = (e - r i) i / 2
<TVA = scattering coefficient
r = optical radial distance
T() = representative optical radial distance
11, (]' = solid angle
co = rate of production by chemical reactions
o;A = single scattering albedo, crvA/(crvA + KA)
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Subscripts and Superscripts
+ = dimensionless quanti ty
e, 2, ^ = value at inf ini ty

= droplet
1 — droplet surface

= ingredients, / fue l , o O2, c CO2, h H2O, n N2
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Fig. 1 Comparison of the theoretical results with experimental
data 21,22.24.33.35

Introduction

T HE importance of droplet combustion lies in the fact that
it contributes to the understanding of the practical fuel

spray combustion in furnaces, Diesel engines, and other com-
bustors. Such studies are also important in the lean pre-evap-
orative and premixed combustion in the gas turbine combus-
tor for aircrafts. Numerous theoretical and experimental studies
on the transient droplet combustion have been reported.34

The spray combustion includes a number of complicated pro-
cesses, and an understanding of the mechanism is not com-
plete. As a first step, an analysis of the transient combustion
of a single fuel droplet has been carried out.

The present article reports on a numerical study of transient
combustion of a single fuel droplet with the emphasis being
placed on the effect of thermal radiation. Most earlier the-
oretical investigations were based on the so-called quasisteady
approximation.2()-25-28 However, transient analyses by Kotake
and Okazaki,1 Hubbard et al.,2 and Saitoh and Nagano3 pointed
out that the quasisteady analysis is invalid. Later, other effects
including variable physical property, first order thermal dif-
fusion, viscous dissipation, and natural convection,2930 were
examined in detail by Saitoh and Nagano.4 Among these it
was found that transient, variable physical property, and nat-
ural convection effects are quite important and should not be
neglected.32

A transient solution of droplet combustion and evaporation
with variable physical properties and finite chemical reaction
rate was obtained by Saitoh and Nagano.4-5 According to their
calculations (see Fig. 1), Tm is about 2300-2500 K, which is
not possible in the real-droplet combustion. A comparison of
numerical results with the experimental data of Okajima and
Kumagai0 (marked by symbol v) which is presently considered
to be the most reliable for the droplet radius squared reveals
that they are not in good agreement. Therefore, some other
effects which have a major influence on the flame structure
remain to be determined.

Motivated by the above evidence we have carried out a
transient numerical analysis of droplet combustion, by ac-
counting for thermal radiation from the flame under the con-
sidered thermophysical property variation with temperature
and composition, as well as the finite rate of chemical reac-
tion. It seems that the effect of radiation on combustion and
evaporation of a fuel droplet is very important, particularly
at elevated pressure26 27 and under low gravity.

Governing Equations
Mass, Energy, and Species Conservation Equations

A fuel droplet of radius R() and ini t ia l ly at temperature T(.
is ignited and a flame front at position r = rf is formed in an

Infinity

Fig. 2 Schematic model for transient burning of a single fuel droplet
with radiation effect.

unbounded oxidizing environment of temperature T(. at Pu
(Fig. 2). The location where the temperature is almost con-
stant is considered to be at infinity.

For the purpose of analysis, the following assumptions and
idealizations are made4: 1) spherical symmetry; 2) pressure is
constant and at atmospheric pressure in the relevant field; 3)
Dufour-Soret and viscous dissipation effects are negligible; 4)
convection in the liquid phase is negligible in comparison to
diffusion; and 5) reaction obeys a single-step Arrhenius sec-
ond-order equation.

The governing equations for the present model under the
assumptions and idealizations listed above are:

Liquid Phase: r < R(t)

d0
dt

Gas Phase: r > R(t)

]_d_
r2 dr \ dr (1 )

r- dr

r
PCp pC,,v-

(3)

dY, dY, i ^ , , ,p — + pv — = — — p D f r - — + (v1-, - v'lJmjCt) (4)
dt dr r2 dr \ dr '

(5)

The radial flow velocity v can be obtained by solving the
continuity Eq. (2) instead of the momentum equation. The
reaction term co in Eqs. (3) and (4) is given by the following
single-step Arrhenius second-order equation:

exp (6)m()m,

The boundary conditions for these equations are7

Initial Condition:

t = 0: 0 = T, 0 < r < R() (7)

T = 70(r), r, = y,M.(r) r > /?„ (8)
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Boundarv Condition:

r = (); — = ()
dr (9)

r = x: Y, = 0, Y(, = K,,,, T = T, (10)

Coupling Condition at Droplet Surface:

r = R(t):

dr

dR

d/?
dr

(11)

(12)

(13)

(14)

(15)

(16)

Since the pressure is assumed to be atmospheric pressure
throughout the relevant field, the Clausius-Clapeyron's re-
lation of phase transformation can be applicable.

Next, we introduce the following dimensionless variables:

m
(v'2 — f'i)m/ a

V i V i r\ E CpOtf= 2j v\m\ = 2^ V2m2, (y = ~^)'^j~

afR()qR
(17)

In order to immobilize the moving interface the following
boundary fixing method is used.8-31

Liquid Phase:

X = (18)

Gas Phase:

17 = t,, (19)

The governing equations are rewritten through the aid of
the foregoing transformations and the dimensionless variables
as

30 < XR ( 2 a:
- + (20)

L[T< , 1 , 1 , - ! ) = ()

r/ , L r / , o, i ] = o
(21)

(22)

Where the operator L[ ] is defined by

d(l 1 d2(> / 1 R1 v"

x exp - — (23)

Radiative Transfer Equations
For radiative transfer in absorbing, emitting, and scattering

media, we have to consider two kinds of governing equations,
i.e., transfer equation and the energy equation. The radiative
transfer equation for a spherical coordinate system (see Fig.
3) under the assumption of isotropic scattering is given by
Viskanta et al.y

^ {
2 J, /(r, /*') d/Lt' - cos (24)

The radiative flux divergence, the first term qR on the right
side of Eq. (3), is obtained by integrating Eq. (24) over all
directions, i.e., -1 < /*, < 1

= Kp(4Eh- G)

where

G(r) - I /(r, /i) dO - 277 | '
J l l - 4 7 T J

(25)

(26)

/(r, /LL) d/u, (27)

The optical radial distance19 r is defined as r = /3-r and
irradiance G(r) can be expressed ast;

G(T) = ~

Here

g,(r) - T.E^r - T,) - E3(r - r,)

2(r) - T2E2(r2 - r) - £3(r2 - r)

-T2*£2(T2* - T*) - £3(T2* + T*)

(28)

(29)

(30)

dS

T
Fig. 3 Spherical coordinate system.
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K(r^) = [£ , (17- f | ) - £,( |r* - f | )

7, - <?,£„, + [(I/*,) - l](ei£M - 4*1)

/2 - 82Eh2 + [(l/62) - \}(82Eh2 - qR2)

S(t) = (1 - WA)£, - KG(0/4]

r* = (r2 - r~y\ r2 = (rl - r?)"2

The exponential integral function En is defined as

f
- J 2 - e x p

(31)

(32)

(33)

(34)

(35)

(36)

Table 1 Constants in specific heat at constant pressure

In the above equations, the following assumptions and ideal-
izations have been made10:

1) Scattering is negligible in comparison to absorption (<r
« K).

2) Emissivity of droplet surface and of surroundings at in-
finity are 1.0, and the temperatures are the boiling point and
the ambient temperature, respectively.

3) The representative optical radius is small (r() « 1).
Therefore, the exponential integral functions can be approx-
imated as

£2(r) - 1 - 0(r) £3(r) = 4 - r + O(r) (37)

4) The Planck absorption coefficient KP is constant KP =
0.35.

The Planck absorption coefficient KP is calculated as the
function of temperature and composition (concentration of
CO2 and H2O). However, the results obtained were nearly
the same as the one in which KP is assumed to be constant.
Therefore, a constant KP is to generate the results reported
in the article by Saitoh et al .1 1

We have assumed that the radiation stops at the droplet
surface (above assumption 2). In fact it is reported in the
literature that the emissivity takes the value over 0.8 if the
penetration distance were larger than 200 ^trn.12

Physical Properties
The physical property value expressions in the present com-

putations are presented in this section. It was assumed that
the gas mixture consists of two components, i.e., gas and air.
The concentration Y, used in the various expressions means
the mole fraction. The relation between mass and mole frac-
tion is given by the following equations:

Yf/Mf

YJMa
(38)

(39)

The property value expressions for density p, C/;, ^, A:,
diffusion coefficient D,, and L are summarized below13:

1) p, Density can be obtained from the equation of state
of an ideal gas

P = P S y,M,IRT kg/m3 (40)

2)C,

Q - A + B-T + C-T2 + D-7 3 k J / k g - m o l - K (41)

where. A, B, C, D denote the constant that is determined by
substances. The constants for air and ^-heptane are listed in
Table 1.

/7-Heptane
0,
H,0
CO,
N,

A

-7.727
25.845
32.243
19.795
31.150

B x 10 ^
676168
-3.680
19238
7343

- 13565

C x 10 *

-365.1
17.45
10.55

-56.02
26.80

D x 10 "

76.58
- 10.65
-3.56
17.52

-11.68

Table 2 Critical temperature, critical pressure and
molecular weight

/7-Heptane
O,
1SU
CO,
H,O
Air

M
100.20
32.00
28.01
44.01
18.02
28.97

T ( , K

540.2
154.6
126.2
304.2
647.3
132.5

Pr, MPa

2.748
5.04
3.40
7.38

22.12
3.77

3) yLt, by virtue of the Licht-Stechert equation14

Tn = r (42)

71,., and Pc are shown in Table 2.
4) Thermal conductivity /c, from Eucken's Equation15

k, = /^.[O.l x CPi + (1.039/M,-)] k J / m - s - K (43)

Thermal conductivity for mixture is obtained from the Lind-
say-Bromley's equation16

kJ/m • s • K (44)

where

ci/T (45)4 | I Hi \M,J 1 + C ;/7| | 1 + C,77

The Sutherland constants C,, Cy and C/y are given by

C,. - 1.47 x Thl K (46)

KCu = (47)

5) Diffusion coefficient Dy; Wilke's equation17 is used to
obtain the diffusion coefficient D,

10 Km2/s (48)

Where D/v is given by Fujita's equation.18

(49)

6) Latent heat of evaporation L(TW) is approximated by
the following equation:

L(TW) = 55.53(7,. - 7U) ( )34^ kJ/kg (50)
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Table 3 Liquid physical properties
(/i-heptane)

Property /i-Heptane
a,
k,
P<

6.32 x 10 «, rrr/s
11.34 x K) \ kJ/msK

626, kg/m3

Table 4 Physical properties and pertinent data (/i-heptane)

Unit Unit

ae
Gv
E
A/i(
ke
L('/

rrr/s
kJ/kg K
kJ/mol
kJ/kg
kJ/ms K

24.86 x 10 6

0.2366
25

10650
0.692 x 10 5

1

Th
OLf

atl

0"
PC

L<;,

K

kg/m3

371.4
4.513
1.285
1.9273
1.177
1

L = 55.53 (540 - 7,,.)°3436 kJ/kg
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Fig. 4 Typical flame structure (t = t(/2).

7) Properties in the liquid phase are assumed to be constant
and listed in Table 3. These values were evaluated at 300 K.

Numerical Method of Solution
A fully implicit finite-difference method is employed in the

numerical solution of the model equations. The fuel used is
/i-heptane. We first assume an appropriate form of the initial
profiles of the temperature and concentration. The initial tem-
perature and concentration profiles were found to be very
important to obtain meaningful and stable solutions. The
physical properties used in the calculations are summarized
in Table 4.

Numerical Results and Discussion
Figures 4 and 5 show the typical flame structure at an in-

termediate time and near the end of combustion, respectively.
A sharp peak in the temperature together with a narrow re-
action zone shown in Fig. 4 indicate the thin flame nature.
The temperature has its maximum at 17 = 2.1, which is about
25% lower than when thermal radiation is neglected in the
energy equation.

A first glance at Figs. 4 and 5 the flame-front locations
seem nearly the same, but since both figures are plotted using
a transformed coordinate [Eq. (19)], actual location at time
t( (Fig. 5) is much farther than in Fig. 4. Therefore, the tem-
perature gradient was decreased considerably. The maximum
flame temperature drop is nearly equal to that at middle time
stage.

Figure 6 shows time sequence of the temperature distri-
bution. The flame front moves away from the droplet surface
with time, and the maximum flame temperature increases
gradually.

The spatial distribution of physical properties at the inter-
mediate time stage is shown in Fig. 7. The thermal conduc-
tivity and thermal diffusivity have their maximum at the flame
front, and depend strongly on the temperature. The specific
heat at constant pressure depends more on temperature than
on fuel density and has its maximum near the droplet surface.
Density has its minimum at the flame front. As a result, the
physical properties of the fuel change in a complicated manner
with both temperature and concentration.

The time-wise variation of the droplet radius squared, flame
location, and the ratio of flame to droplet radius are plotted
in Fig. 8. It is evident that d2-law holds true for the period
of combustion. Consideration of radiation in the energy equa-
tion yields a smaller burning constant, i.e., large lifetime. This
is due to the fact that the maximum temperature decreases
in the presence of radiation. In this analysis we accounted for
radiation transfer towards the droplet surface, and the ratio
of conduction heat flux to radiation heat flux was approxi-
mately 3.3:1. Judging from the computed results of the drop-

20OO -

0 1 2 3 4 5

IOOO-

Fig. 5 Typical flame structure (/ = t ( ) .

2000 -

IOOO -

Fig. 6 Time variation of temperature profile.

let lifetime, the outward heat loss from the flame by the
radiation is larger than the inward heat loss. The flame lo-
cation takes a convexed curve with its maximum at r * = 40.
The dimensionless rf/R increases continuously and is a lower
value than the case without radiation.

A comparison of the present results with the experimental
data under the zero-gravity condition is shown in Figs. 9 and
10. The present results are in better agreement with the ex-
perimental results than those obtained when radiation transfer
was neglected. As far as the ratio of flame to droplet radius
is concerned, the agreement is not very satisfactory, especially
in the latter half of the lifetime. The results imply that further
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Fig. 7 Spatial distribution of physical properties (t = tJ2).
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Fig. 11 Time history of temperature distribution when soot formation
is considered.

investigations are required to elucidate the discrepancies be-
tween the theory and the experiment.

It is important to validate the effect of soot formation for
luminous flame, e.g., n-heptane droplet. We considered the
effect of soot formation by accounting for increase of ab-
sorption coefficient between the droplet surface and the soot
location.

As a result, the total absorption coefficient KP can be rep-
resented as the sum of absorption coefficients of gas KPK and
soot KP,. Fig. 11 indicates the result of calculation showing
the effect of soot formation.

A broken line shows the case in which the soot formation
effect was considered. A comparison between the two reveals
that the soot formation does not alter the entire temperature
profile, at least in the range of pressure considered.

Fig. 8 Time variation of (/?//?0)2, rf, and rflR.
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Fig. 10 Comparison between calculated and experimental results.2

Concluding Remarks
The following conclusions1 can be drawn from the present

transient numerical analysis for combustion of a spherical fuel
droplet, which takes account of chemical reaction, variable
properties, and thermal radiation:

1) Thermal radiation has a significant influence on droplet
combustion. For a n-heptane droplet, the decrease of the
maximum flame temperature amounts to at least 25%.

2) The physical properties change drastically with temper-
ature and concentration, and have a significant effect on the
droplet combustion.

3) Comparison of the present results with the experimental
data reveals that the droplet radius squared and the ratio
flame to droplet radius are in good agreement, while the ratio
of flame to droplet still tends to deviate from the experimental
data in the latter half of the lifetime.

In closing, further investigations should be conducted on
the effect of radiation during fuel combustion at elevated
pressure.
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